(a) Suppose f (t) E R[t] is a polynomial that maps rationals to rationals and irrationals to irrationals. Show that f (t) = at + b with a and b rational.
(b) Does the same conclusion hold under the weaker assumption that f: R -+ JR is an algebraic function (i.e., if there is a polynomial P(x, y) E ]R [x, y] (a) Using Lagrange interpolation we find that f (t) E Q [t] . Clearing denominators we may further arrange that f (t) E Z [t] . If f (t) has degree n and leading coefficient c, then replacing f by cn-I f (t/c) yields a monic f . The following lemma completes part (a).
Lemma. Let f (t) be a monic polynomial with integer coefficients and with degree greater than 1. Then there exists an integer B such that f (t) -B has a real irrational root.
Proof. Choose a prime p with p > f (1) -f (O) and with p larger than the largest root : Q(t, f (t)) = 0 for all t E Q} is the principal ideal generated by P(x, y), since P E I and P is irreducible. However, the linear equations defining I all have rational coefficients. Thus I is generated by polynomials defined over Q. Thus P can be taken to have rational coefficients.
By the Hilbert Irreducibility Theorem, there is an infinite set of x E Q such that P (x, y) is irreducible over Q as a polynomial in y. If degy P(x, y) > 1, this gives infinitely many rational values of x for which none of the roots of P(x, y) are rational. So we must have degy P(x, y) = 1. Thus there are relatively prime polynomials g(x), h(x) E Q [x] with P(x, y) = g(x) -yh(x) and f (t) = g(t)/h(t). Again by the Hilbert Irreducibility Theorem, there is an infinite set of y E Q such that g(x) -yh(x) is irreducible over Q. If max(deg(g), deg(h)) > 1, this yields an x V Q such that f (x) = y. Thus f must be a fractional linear transformation with rational coefficients. Since f is defined on all of IR, it is a linear polynomial.
Editorial comment. The definition of "algebraic" given in part (b) of the problem statement is inaccurate. A function is algebraic if there is an irreducible polynomial P(x, y) E IR [x, y] such that P(t, f (t)) is identically zero. If P is not assumed to be irreducible, then f is only piecewise algebraic. There are nonlinear, piecewise algebraic functions that send rationals to rationals and irrationals to irrationals. The easiest example is probably f (t) = It 1, which satisfies t2 -f(t)2 -0.
Miller points out that the lemma in part (a) of his solution follows immediately from the Hilbert Irreducibility Theorem, but is certainly weaker. For the two applications of Hilbert Irreducibility in part (b) of his solution, we require only one rational value of x such that P(x.y) has an irrational root and only one rational value of y such that g(x) -yh(x) has an irrational root. The latter result may be proved by an argument similar to the proof of part (a), using primes in arithmetic progressions. A more elementary proof of the former result would be interesting.
Solved also by the proposers. Part (a) was solved also by R. Barbara (France), E. Cavalli (Italy), J H. Lindsey II, GCHQ Problems Group (U. K.), and NCCU Problems Group.
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